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Millennium Prize Problems

•

•

•
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Millennium Prize Problems
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Millennium Prize Problems

•

•
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Sudoku
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3 × 3 × 3 × 3



Sudoku
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4 × 4 × 4 × 4



Sudoku

•

𝑛 × 𝑛 × 𝑛 × 𝑛

•

O 𝑛2𝑛
4

• 𝑂 𝑛4

• 𝑛 = 100

o

o
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Sudoku

•

?

•
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P vs. NP

•

o 𝐿

o

𝐿 (𝐿 ∈ 𝑁𝑃)

o

𝐿 (𝐿 ∈ 𝑃)
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Efficiency

•

• 𝐿 𝑥 ∈ 𝐿
𝑥 𝐿 |𝑥|

• 𝐿
𝑐 𝐴

𝐴 𝑥 𝑐 𝐴 𝑥 =
𝑥 ∈ 𝐿

•
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Verifying solutions

•

•
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NP: semi-formal definition

• 𝐿 ∈
𝑐, 𝑑 𝑉

o 𝑉 𝑥 𝑦 𝑦 ≤
𝑥 𝑐 𝑥

o 𝑉(𝑥, 𝑦) 𝑂 𝑥 + 𝑦 𝑑

o 𝑥 ∈ 𝐿, ∃𝑦 𝑉 𝑥, 𝑦 =

o 𝑥 ∉ 𝐿, ∀𝑦 𝑉 𝑥, 𝑦 =
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Examples

•

𝑛 × 𝑛 × 𝑛 × 𝑛

• 𝑛

•

•
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Examples

•

𝐺 = (𝑉, 𝐸)

• 𝑛 = |𝑉|

•

𝑛

•
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Examples

•

𝐺 = 𝑉, 𝐸 𝑘 ∈
ℕ 𝐺

𝑘?

• 𝑛 = |𝑉|

• 𝑘

•
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Examples

•

𝑎1, … , 𝑎𝑛 𝑘 ∈ ℕ
𝑆  𝑖∈𝑆 𝑎𝑖 = 𝑘

𝐺 𝑘 ∈ ℕ
𝑘
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Examples

•

𝐺

𝐺
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P vs. NP

• ⊆

•

o 𝐿 ∈

o 𝐴
𝐿

o 𝑉 𝑥
𝑦

o 𝑉(𝑥, 𝑦) 𝐴(𝑥) ∎
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P vs. NP

• ⊆ =

• =

• ≠
𝐿 ∈ 𝐿 ∉

𝐿
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The Cook-Levin Theorem

•
=

∈

• ≠
∉

•
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Reductions, revisited

• 𝐿 𝐿′

𝐿 ≤𝑇
𝑃 𝐿′

𝐿
𝐿′

• 𝐿 ≤𝑇
𝑃 𝐿′

1. 𝐿′ ∈ ⇒ 𝐿 ∈

2. 𝐿 ∉ ⇒ 𝐿′ ∉
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The hardest problem(s)

•

•

⇒

⇒ = ∈
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The hardest problem(s)

•

⇒

⇒ = ∈
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Cook-Levin, revisited

• 𝐿 ∈

𝐿

∈ ⇒ =
= ⇒ ∈
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NP-completeness

• 𝐿
𝐿

• 𝐿 𝐿 ∈ 𝐿

•

o

o
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NP-completeness



NP-complete problems

•

•
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NP-complete problems

•

𝐿 ∈ ℕ,

≤ 𝐿
≥ 𝑘

•

•
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NP-complete problems
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NP-complete problems
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P vs. NP

•

•

o

o
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≠ =



The two possible worlds
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Complexity universe
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What we have learned

•

o

o

o

•

o
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