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The PAC model
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The PAC model

• 𝑋

• 𝐷 𝑋

• 𝑆 𝑚
𝑥1, … , 𝑥𝑚
𝐷

• 𝐶 ℎ: 𝑋 → {+,−}

• 𝑐𝑡 ∈ 𝐶

• 𝑍 = 𝑥𝑖 , 𝑐𝑡 𝑥𝑖
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Example: Faces

• 𝑋 = ℝ𝑛

• 𝑥 ∈ 𝑋

• 𝑐𝑡 𝑥 = + 𝑥

•
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Example: rectangle learning

• 𝑋 = ℝ2

• 𝐶 =

• ℎ 𝑥 = + 𝑥
ℎ
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The PAC model

• ℎ
err ℎ = Pr

𝑥∼𝐷
[𝑥: 𝑐𝑡 𝑥 ≠ ℎ 𝑥 ]

•

𝜖 > 0
ℎ err ℎ ≤ 𝜖

•

𝛿 > 0
Pr err ℎ ≤ 𝜖 ≥ 1 − 𝛿
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err 𝑐𝑡 = 0



The PAC model

• 𝐿
𝐶

𝜖, 𝛿 > 0 𝑚0(𝜖, 𝛿)
𝑚 ≥ 𝑚0 𝐷 𝑚 𝑍

𝐷 𝐿(𝑍) = ℎ
Pr err ℎ ≤ 𝜖 ≥ 1 − 𝛿

• 𝐶
𝐶
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𝑚0(𝜖, 𝛿)
𝐷



Rectangles are learnable

•

•

𝑚0 𝜖, 𝛿 ≥
4

𝜖
ln
4

𝛿
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Rectangles are learnable*

•

o 𝑅

o

𝑅′

o E,

𝑤 𝐸 = Pr
𝑥∼𝐷

[𝑥 ∈ 𝐸]

o err 𝑅′ = 𝑤 𝑅 ∖ 𝑅′
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Rectangles are learnable*

•

o 𝑅 ∖ 𝑅′
𝑇1
′, 𝑇2

′, 𝑇3
′, 𝑇4

′

o err 𝑅′ ≤  𝑖=1
4 𝑤(𝑇𝑖

′)

o Pr 𝑤 𝑇𝑖
′ ≥

𝜖

4
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Rectangles are learnable*

•

o 𝑇1
′

𝑇1 𝑤 𝑇1 =
𝜖

4

o 𝑤 𝑇1
′ ≥

𝜖

4
⇔ 𝑇1 ⊆ 𝑇1

′

o 𝑇1 ⊆ 𝑇1
′ ⇔ 𝑥1, … , 𝑥𝑚 ∉ 𝑇1

o 𝑤 𝑇1
′ ≥

𝜖

4
⇔ 𝑥1, … , 𝑥𝑚 ∉ 𝑇1

o Pr 𝑥1, … , 𝑥𝑚 ∉ 𝑇1 = 1 −
𝜖

4

𝑚

11

+
+

−

−

−

−

+

𝑅

𝑅′

𝑇1
′

𝑇1

−



Rectangles are learnable*

•

o Pr 𝑤 𝑅 ∖ 𝑅′ ≥ 𝜖 ≤ 4 1 −
𝜖

4

𝑚

o 4 1 −
𝜖

4

𝑚
≤ 𝛿

∎

12

+
+

−

−

−

−

+

𝑅

𝑅′

𝑇1
′

𝑇1

−



VC dimension

•

• 𝑆 = {𝑥1, … , 𝑥𝑚}

• Π𝐶 𝑆 = ℎ 𝑥1 , … , ℎ 𝑥𝑚 ℎ ∈ 𝐶}
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VC dimension
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Π𝐶(𝑆) = { −,−,− , −, +,− , −,−, + , (+,−,−),
(+,+,−), (−,+,+), (+,−,+), (+,+,+)}
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VC dimension

• 𝑋

• 𝐶
+ −

• |𝐶(𝑆)| 𝑆 =

1. 1

2. 2

3. 3

4. 4

15



VC dimension

• |𝐶(𝑆)| 𝑆 =

1. 5

2. 6

3. 7

4. 8
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VC dimension

• 𝑆 𝐶 |𝐶(𝑆)| = 2
𝑆

• 𝐶
𝐶
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Example: rectangles

•

•

•

1
0

• 4

18

−

+

++

+



VC dimension

• 𝑋 = 𝐶 =
𝐶

1. 1

2. 2

• 𝑋 = 𝐶 =
𝐶

1. 2

2. 3
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3. 3

3. 4



sample complexity

• 𝐶
𝐶 = ∞

• 𝐶 𝐶 = 𝑑
𝐿 ℎ ∈ 𝐶

𝑆 𝐿 𝐶

𝑚0 = 𝑂
1

𝜖
log

1

𝛿
+
𝑑

𝜖
log

1

𝜖
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Summary

•

o

o

o

o Π𝐶(𝑆)

o

•

o
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