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• [0,1]

• N = {1,… , 𝑛}

• 𝑋 ⊆ [0,1]:
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• 𝑖 ∈ 𝑁
𝑉𝑖

• 𝑋 ∩ 𝑌 = ∅
𝑉𝑖 𝑋 + 𝑉𝑖 𝑌 = 𝑉𝑖(𝑋 ∪ 𝑌)

• 𝑖 ∈ 𝑁
𝑉𝑖 0,1 = 1

• ∀𝜆 ∈ 0,1
𝐼′ ⊆ 𝐼 𝑉𝑖 𝐼

′ = 𝜆𝑉𝑖(𝐼)

4

𝛼 β

β

𝛼

𝜆𝛼

𝛼 + 𝛽



• 𝐴1, … , 𝐴𝑛
•

∀𝑖 ∈ 𝑁, 𝑉𝑖 𝐴𝑖 ≥
1

𝑛

•
∀𝑖, 𝑗 ∈ 𝑁, 𝑉𝑖 𝐴𝑖 ≥ 𝑉𝑖(𝐴𝑗)

• 𝑛 = 2



• 𝐴1, … , 𝐴𝑛
•

∀𝑖 ∈ 𝑁, 𝑉𝑖 𝐴𝑖 ≥
1

𝑛

•
∀𝑖, 𝑗 ∈ 𝑁, 𝑉𝑖 𝐴𝑖 ≥ 𝑉𝑖(𝐴𝑗)

• 𝑛 ≥ 3



• 𝑛 = 2

•

𝑋, 𝑌
𝑉1 𝑋 = Τ1 2 , 𝑉1 𝑌 = Τ1 2

•

•



• 𝑋, 𝑌
𝑉1 𝑋 = Τ1 2 , 𝑉1 𝑌 = Τ1 2

•
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• 𝑛

•

o Eval𝑖 𝑥, 𝑦 𝑉𝑖( 𝑥, 𝑦 )

o Cut𝑖 𝑥, 𝛼 𝑦 𝑉𝑖 𝑥, 𝑦 = 𝛼

9

𝑥 𝑦

𝛼



•

o Eval𝑖 𝑥, 𝑦 = 𝑉𝑖 𝑥, 𝑦

o Cut𝑖 𝑥, 𝛼 = 𝑦 s.t. 𝑉𝑖 [𝑥, 𝑦] = 𝛼

•

𝑛 = 2

1. 1

2. 2

3. 3

4. 4
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•

•

1/𝑛

•

•
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1/3 1/3 ≥ 1/3
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•

•

• 0 𝑛
1

•

1/𝑛

• 𝑘 𝑛 − 𝑘
1 − 𝑘/𝑛

𝑘 + 1 𝑛 − (𝑘 + 1)

1 −
𝑘+1

𝑛
∎



•

•

1/𝑛
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•

1. Θ 𝑛

2. Θ 𝑛

3. Θ(𝑛 log 𝑛)

4. Θ 𝑛2

19



• [𝑥, 𝑦] 𝑛 = 2𝑘

• 𝑛 = 1 [𝑥, 𝑦]

• 𝑖 𝑧

𝑉𝑖 [𝑥, 𝑧] =
1

2
𝑉𝑖([𝑥, 𝑦])

• 𝑧∗ Τ𝑛 2

• [𝑥, 𝑧∗] Τ𝑛 2
[𝑧∗, 𝑦] Τ𝑛 2
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•

•

• 0 𝑛
1

•
𝑉𝑖( 𝑥, 𝑦 )/2

• 𝑘
1/2𝑘

𝑘 + 1
1

2𝑘+1

• log 𝑛 ∎



𝑛/2 𝑛/2 𝑛/2
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2𝑛

𝑛 𝑛

4 4 4 4

𝑛/2

𝑛/2

= 2𝑛

= 2𝑛

= 2𝑛

lo
g
𝑛

2𝑛 log 𝑛

𝑇 1 = 0, 𝑇 𝑛 = 2𝑛 + 2𝑇
𝑛

2



•
Ω(𝑛 log𝑛)

•

•
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•

o

o

o

o

•

o
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