


• For each 
unexplored 𝑢 ∈ 𝑉

o DFS(𝐺,u)

DFS(graph 𝐺, 𝑢 ∈ 𝑉)

• mark 𝑢 as explored

• for each {𝑢, 𝑣} ∈ 𝐸

o if 𝑣 is 
unexplored then
DFS(𝐺, v)
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𝑂(𝑚 + 𝑛)
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• 𝐺

o

𝑠 𝑡

o 𝐺

o 𝐺

•

3



• 𝐺
𝑓: 𝑉 → {1, … , 𝑛}

𝑢, 𝑣 ∈ 𝐸 𝑓 𝑢 < 𝑓(𝑣)
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𝑎

𝑒

𝑑𝑏 𝑐 𝑒 𝑑 𝑎 𝑏 𝑐
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•

𝑢, 𝑣 ∈ 𝑉 𝑢, 𝑣 ∈ 𝐸

•
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•

•

•

•
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•

•

𝑛
∎
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• 𝑝 ← 𝑛

• while 𝑝 ≥ 1

o If the graph doesn’t 
have a sink then 
return “not acyclic”

o else find a sink 𝑣 and 
remove it from 𝐺

o 𝑓 𝑣 ← 𝑝

o 𝑝 ← 𝑝 − 1
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• 𝑝 ← 𝑛

• For each unexplored 𝑢 ∈ 𝑉, 
DFS(𝐺,u)

DFS(graph 𝐺, 𝑢 ∈ 𝑉)

• mark 𝑢 as explored

• for each {𝑢, 𝑣} ∈ 𝐸, if 𝑣 is 
unexplored then DFS(𝐺, v)

• 𝑓 𝑢 ← 𝑝

• 𝑝 ← 𝑝 − 1
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• 𝐺 𝑢, 𝑣 ∈ 𝐸
𝑓 𝑢 < 𝑓(𝑣)

•

o 𝑢 𝑣
𝑢, 𝑣 ∈ 𝐸 𝑣

(𝐺, 𝑢)

o 𝑣 𝑢
𝑢 (𝐺, 𝑣)

(𝐺, 𝑢)
(𝐺, 𝑣) ∎

11



•

o

o

o

o

•

•

𝑐: 𝐸 → ℝ+
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•

o 𝐺
𝑐: 𝐸 → ℝ+

o 𝐸′ ⊆ 𝐸
𝑉, 𝐸′

σ𝑒∈𝐸′ 𝑐 𝑒

•

42
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•

•
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𝑦𝑥

𝑧
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• 𝑉′ ← 𝑢 , 𝐸′← ∅

• While 𝑉′ ≠ 𝑉

o Let (𝑢, 𝑣) be a 
minimum cost edge 
such that 𝑢 ∈ 𝑉′,
𝑣 ∉ 𝑉′

o 𝐸′ ← 𝐸 ∪ 𝑢, 𝑣

o 𝑉′ ← 𝑉′ ∪ {𝑣}
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• 𝑇
0 ≤ 𝑘 ≤ 𝑛 𝑘

𝑇

•

• 𝑘 = 0)

•

𝑘
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• 𝑉′

• 𝑒 = {𝑎, 𝑏}

• 𝑒
𝑇

• 𝑇 a → 𝑏

• 𝑒′ = (𝑐, 𝑑)
𝑉′
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𝑒
𝑒′

𝑎

𝑏𝑑

𝑐



• 𝑇′ = 𝑇 ∪ 𝑒 ∖ {𝑒′}

o 𝑇

o 𝑛 − 1

• 𝑇′
𝑢 → 𝑐 → 𝑑 → 𝑣
𝑒′

𝑢 → 𝑐 → 𝑎 → 𝑏 → 𝑑 → 𝑣

• 𝑇 ∎
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𝑎

𝑏𝑑

𝑐 𝑒
𝑒′
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25

𝐸′



• 𝐺 𝑉′ ⊆ 𝑉
𝑒 𝑉′

𝑉 ∖ 𝑉′ 𝑒

•

•

o

o
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•

𝑂 𝑚2

•

𝑂(𝑚 log𝑚)

•

•

•
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𝑂(𝑚 log𝑚) → 𝑂(𝑚 log∗𝑚)
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𝑂(𝑚 log∗𝑚) → 𝑂(𝑚 log(log∗𝑚))
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𝑂(𝑚 log(log∗𝑚))
→ 𝑂(𝑚 ⋅ 𝛼 𝑚 )

𝛼 ⋅ ?
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𝛼(⋅)

• log∗ 𝑚 = log 1

• log∗∗(𝑚) = log* 1

• log∗∗∗(𝑚) = log** 1

•

• 𝛼 𝑚 = log∗⋯∗ 𝑚 ≤ 2
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•

•
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•

o

o

o

•

o

o

o

•

o
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