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• 𝑆

• 𝑋: 𝑆 → ℝ

•

o 𝑋 =

𝑋 3,4 = 3, 𝑋 1,5 = 1

o 𝑋 =

𝑋 3,4 = 7, 𝑋 1,5 = 6
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• 𝑋: 𝑇𝑇, 𝐻𝑇, 𝑇𝐻,𝐻𝐻 → {0,1,2}
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𝑇𝑇
1

4

𝐻𝑇
1

4

𝑇𝐻
1

4

𝐻𝐻
1

4

𝑆

0
1

4

1
1

2

2
1

4

ℝ

𝑋



• 𝑋 𝑎 ∈ ℝ 𝐸
𝑋 = 𝑎

Pr 𝐸 = Pr 𝑋 = 𝑎 = Pr[ 𝑡 ∈ 𝑆 𝑋 𝑡 = 𝑎}]
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𝑇𝑇
1

4

𝐻𝑇
1

4

𝑇𝐻
1

4

𝐻𝐻
1

4

𝑆

0
1

4

1
1

2

2
1

4

ℝ

𝑋

Pr 𝑋 = 1 = Pr 𝐻𝑇, 𝑇𝐻 = 1/2



• 𝐸
𝐸

𝕀𝐸 𝑡 = ቊ
1 𝑡 ∈ 𝐸
0 𝑡 ∉ 𝐸
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𝑇𝑇
1

4

𝐻𝑇
1

4

𝑇𝐻
1

4

𝐻𝐻
1

4

𝑆

0
1

2

1
1

2

ℝ

𝕀𝐸

𝐸

𝐸 =



•

𝑎, 𝑏, 𝑋 = 𝑎 𝑌 = 𝑏
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• 𝑋

𝔼 𝑋 =෍

𝑡∈𝑆

Pr 𝑡 × 𝑋 𝑡 =෍

𝑘

Pr 𝑋 = 𝑘 × 𝑘

• 𝑋 𝔼 𝑋 = ?

1. 1

2. 4/3

3. 3/2

4. 2

9

Pr 𝑋 = 𝔼 𝑋



• 𝕀𝐸 𝐸
𝔼 𝕀𝐸 = Pr 𝕀𝐸 = 1 × 1 = Pr[𝐸]

• 𝑋 𝑌
𝑆 𝑍 = 𝑋 + 𝑌
𝑍 𝑡 = 𝑋 𝑡 + 𝑌 𝑡

• 𝑋 𝑌
𝑍
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• 𝑍 = 𝑋 + 𝑌
𝔼 𝑍 = 𝔼 𝑋 + 𝔼[

11

𝑋 𝑌



𝔼 𝑍 = ෍

𝑡∈𝑆

Pr 𝑡 𝑍 𝑡

12

=෍

𝑡∈𝑆

Pr 𝑡 (𝑋 𝑡 + 𝑌 𝑡 )

=෍

𝑡∈𝑆

Pr 𝑡 𝑋 𝑡 +෍

𝑡∈𝑆

Pr 𝑡 𝑌(𝑡)

= 𝔼 𝑋 + 𝔼 𝑌 ∎
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•

14

෍

𝑘

𝑘 × Pr 𝑘 correct letters = ෍

𝑘

𝑘 × [..aargh!!..]



• 𝐴𝑖 𝑖

• 𝕀𝐴𝑖 𝐴𝑖
o

• 𝔼 𝕀𝐴𝑖 = Pr 𝐴𝑖 = 1 = 1/100

• 𝑍 = σ𝑖=1
100 𝕀𝐴𝑖

• 𝔼 𝑍 = 100 ×
1

100
= 1
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• 𝑛 𝑝

1. 1

2. 𝑝

3. 𝑛

4. 𝑛𝑝
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• 𝑛 𝑛

•
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• 𝑋𝑖 𝑖

• 𝑛 = 𝔼 𝑋1 +⋯𝑋𝑛 = 𝔼 𝑋1 +⋯+ 𝔼 𝑋𝑛
• 𝔼 𝑋𝑖 = 1 𝑖

•

log 𝑛 / log log 𝑛

18
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• 𝑛 𝑛

•

1. 1/𝑛

2. 1/4

3. 1/2

4. 1

• ∼ log log 𝑛



• 𝔼 𝑋 𝐸] = σ𝑘 Pr 𝑋 = 𝑘 𝐸] × 𝑘

•

𝔼 𝑋 = 𝔼 𝑋 𝐸] × Pr 𝐸 + 𝔼 𝑋 ത𝐸] × Pr[ ത𝐸]
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• 𝑝

• 𝑋 =

• 𝔼 𝑋 = 𝔼 𝑋 𝐻] Pr[𝐻] + 𝔼 𝑋 𝑇] Pr[𝑇]
= 1 ⋅ 𝑝 + 𝔼 𝑋 + 1 1 − 𝑝
= 1 + 𝔼 𝑋 1 − 𝑝

• 𝔼 𝑋 = 1/𝑝
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•

•

•

•
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• 𝑘
𝑉′ ⊆ 𝑉

𝑉′ = 𝑘

•

•

• 𝑘 𝑓
𝑖 ∈ 𝑓(𝐺) 𝑖
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•

•

• 𝑘 = 𝑛

• 𝑘 = 1

• 𝑘 = 𝑛 − 1
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•

•

•
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•

o

2

o ∼
𝑘

2

•
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•
1

4

•

o 𝑘

o 𝐾

o 𝜋 = (𝜋1, 𝜋2) 𝐾
𝐾1
𝜋 = 𝐾 ∩ 𝜋1 𝐾2

𝜋 = 𝐾 ∩ 𝜋2
o 𝑑1

𝜋 = { 𝑢, 𝑣 ∈ 𝐸|𝑢 ∈ 𝜋2, 𝑣 ∈ 𝐾1
𝜋} 𝑑2

𝜋

o 𝔼 𝑑1
𝜋 + 𝑑2

𝜋 =
𝑂𝑃𝑇

2

o
𝑑1
𝜋+𝑑2

𝜋

2
∎
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𝐾1
𝜋

𝐾2
𝜋

𝜋1

𝜋2



•

o

o

o

o

•

o
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