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•

•

•

• ℕ < |ℝ|

• ℕ = |ℤ| ℕ ⊊ ℤ
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6



7
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𝑓: 𝐴 → 𝐵
𝑎 ≠ 𝑎′ ⇒ 𝑓 𝑎 ≠ 𝑓(𝑎′)

𝑓: 𝐴 → 𝐵
∀𝑏 ∈ 𝐵 ∃𝑎 ∈ 𝐴 s.t. 𝑓 𝑎 = 𝑏

𝑓: 𝐴 → 𝐵
𝑓

𝑓: 𝐴 ↣ 𝐵

𝑓: 𝐴 ↠ 𝐵

𝑓: 𝐴 ⤖ 𝐵
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𝑓: 𝐴 ↣ 𝐵

𝑓: 𝐴 ↠ 𝐵

𝑓: 𝐴 ⤖ 𝐵

𝐴 ≤ |𝐵|

𝐴 ≥ |𝐵|

𝐴 = |𝐵|



• 𝐴 ≤ |𝐵| 𝐵 ≥ |𝐴|

• 𝑓: 𝐴 ↣ 𝐵
𝑔: 𝐵 ↠ 𝐴

∀𝑏 ∈ range 𝑓 , 𝑔 𝑏 = 𝑓−1(𝑏)

13

𝐴 𝐵
𝑓

𝐴 𝐵
𝑔



𝐴 𝐵 𝐶

• 𝐴 ≤ |𝐵| 𝐵 ≤ |𝐶| 𝐴 ≤ |𝐶|

• 𝑓: 𝐴 ↣ 𝐵
𝑔: 𝐵 ↣ 𝐶 𝑔 ∘ 𝑓: 𝐴 ↣ 𝐶

14

𝑓 𝑔
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𝐴 ≤ |𝐵|
𝐵 ≤ 𝐴
𝐴 = |𝐵|



• 𝐴 𝐵

• 𝐵 𝐴

• 𝐴 𝐵
𝐴 𝐵

16

𝐴 < 𝐵
𝐴 ≥ |𝐵|
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ℤ

• ℕ = |ℤ|

• 𝑓: ℕ → ℤ

𝑓 𝑛 = −1 𝑛+1
𝑛

2

18

𝑛 0 1 2 3 4 5 6 ⋯

𝑓(𝑛) 0 1 −1 2 −2 3 −3 ⋯
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ℕ < ℤ
ℕ ⊊ ℤ



• 𝐴

o 𝐴 ≤ ℕ

o

o 𝐴 > |ℕ|

•

𝐴

20



ℤ × ℤ

21

.

(0,0)

(1,0)

(1,1)

(0,1)

(−1,1)

(−1,0)

(−1,−1)

(0,−1)

(1,−1)

(2,−1)

(2,0)



ℕ × ℕ

22

https://youtu.be/Uj3_KqkI9Zo

https://youtu.be/Uj3_KqkI9Zo


ℚ

•

•

• 𝑓: ℤ × ℤ ↠ ℚ
𝑓 𝑎, 𝑏 = 𝑎/𝑏

• ℚ ≤ ℤ × ℤ ≤ ℕ ℚ

23

0 11/21/4 2/3



0,1 ∗

• 0,1 ∗ =

•

𝜖, 0, 1, 00, 01, 10, 11, 000, 001, 010,…

• Σ∗ Σ

24
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𝐴 𝐴 ≤ |Σ∗|
Σ



ℚ[𝑥]

• ℚ[𝑥]

𝑥3 +
1

4
𝑥2 + 6𝑥 −

22

7
• Σ = {0, …9, 𝑥, +, −,∗,/, ^}

•

Σ
𝑥^3 + 1/4𝑥^2 + 6𝑥 − 22/7

• ℚ[𝑥]
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•

• 𝐴
𝐴 < 𝒫 𝐴

• |ℕ| < |𝒫 ℕ |
𝒫 ℕ

•

ℕ < 𝒫 ℕ < 𝒫 𝒫 ℕ < ⋯
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• 𝐴 ≥ 𝒫 𝐴

• 𝑓: 𝐴 ↠ 𝒫(𝐴)

• 𝑆 = {𝑎 ∈ 𝐴: 𝑎 ∉ 𝑓(𝑎)} ∈ 𝒫(𝐴)

• 𝑓 𝑠 ∈ 𝐴
𝑓 𝑠 = 𝑆

• 𝑠 ∈ 𝑆
𝑠 ∈ 𝑆 𝑠 ∉ 𝑓(𝑠) 𝑠 ∉ 𝑆
𝑠 ∉ 𝑆 𝑠 ∉ 𝑓(𝑠) 𝑠 ∈ 𝑆 ∎
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𝑓: ℕ ↠ 𝒫(ℕ)

30

1

2

3

4

5

{1, 3, 5}

{1, 4, 42, 300}

{2, 3, 4, 106}

{𝑛 ∈ ℕ: 𝑛 ≥ 10}

⋯ ⋯

⋯

⋯

⋯

⋯

⋯⋯ ⋯ ⋯ ⋯ ⋯

𝑓(1)

𝑓(2)

𝑓(3)

𝑓(4)

𝑓(5)

1 2 3 4 5

⋯𝑓(𝑠)

⋯



•

31



32

ℕ < 0,1 ∗



ℝ

• ℝ
𝑓:ℝ ↠ 0,1, … , 9 ∞

• 0. 𝑎1𝑎2⋯ ∈ [0,1) 𝑓 𝑥 = 𝑎1𝑎2⋯

•

0.499⋯ = 0.500⋯

• 1. 𝑎1𝑎2⋯
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𝑆
𝑆

𝑆
𝑆



•

o

o

•

o

o

•

o
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